The hydrodynamic limit for the Boltzmann equation is studied in the case when the limit system, that is, the system of Euler equations contains contact discontinuities. When suitable initial data is chosen to avoid the initial layer, we prove that there exists a unique solution to the Boltzmann equation globally in time for any given Knudsen number. And this family of solutions converge to the local Maxwellian defined by the contact discontinuity of the Euler equations uniformly away from the discontinuity as the Knudsen number ε tends to zero. The proof is obtained by an appropriately chosen scaling and the energy method through the micro-macro decomposition.
Introduction
Consider the Botlzmann equation with slab symmetry
where ξ = (ξ 1 , ξ 2 , ξ 3 ) ∈ R 3 , f (x, t, ξ) is the density distribution function of the particles at time t and space x with velocity ξ, and ε > 0 is the Knudsen number which is proportional to the mean free path.
The equation (1.1) was established by Boltzmann [4] in 1872 to describe the motion of rarefied gases and it is a fundamental equation in statistics physics. For monatomic gas, the rotational invariance of the particles leads to the following bilinear form for the collision operator
where ξ ′ , ξ ′ * are the velocities after an elastic collision of two particles with velocities ξ, ξ * before the collision. Here,θ is the angle between the relative velocity ξ − ξ * and the unit vector Ω in S 2 + = {Ω ∈ S 2 : (ξ − ξ * ) · Ω ≥ 0}. The conservation of momentum and energy gives the following relation between the velocities before and after collision:
· Ω] Ω. In this paper, we consider the Boltzmann equation for the two basic models, that is, the hard sphere model and the hard potential including Maxwellian molecules under the assumption of angular cut-off. That is, we assume that the collision kernel B(|ξ − ξ * |,θ) takes one of the following two forms, Here, n is the index in the inverse power potential which is proportional to r 1−n with r being the distance between two particles.
Formally, when the Knudsen number ε tends to zero, the limit of the Boltzmann equation Here, ρ is the density, u = (u 1 , u 2 , u 3 ) is the macroscopic velocity, E is the internal energy and the pressure p = Rρθ with R being the gas constant. The temperature θ is related to the internal energy by E = On the other hand, it is important to verify this limit process rigorously in mathematics. For the case when the Euler equation has smooth solutions, the zero Knudsen number limit of the Boltzmann equation has been studied even in the case with an initial layer, cf. Asona-Ukai [1] , Caflish [5] , Lachowicz [21] and Nishida [29] etc. However, as is well-known, solutions of the Euler equation (1.2) in general develop singularities, such as shock waves and contact discontinuities. Therefore, how to verify the hydrodynamic limit from Boltzmann equation to the Euler equations with basic wave patterns is an natural problem. In this direction, Yu [35] showed that when the solution of the Euler equation (1.2) contains non-interacting shocks, there exists a sequence of solutions to the Boltzmann equation that converge to the local Maxwellian defined by the solution of the Euler equation (1.2) uniformly away from the shock. In this work, the inner and outer expansions developed by Goodman-Xin [12] for conservation laws and the Hilbert expansion were crucially used.
The main purpose of this paper is to study the hydrodynamic limit of the Boltzmann equation when the corresponding Euler equation contains contact discontinuities. More precisely, given a solution of the Euler equation (1.2) with contact discontinuities, we will show that there exists a family of solutions to the Boltzmann equation that converge to a local Maxwellian defined by the Euler solution uniformly away from the contact discontinuity as ε → 0. Moreover, a uniform convergence rate in ε is also given. The proof is obtained by a scaling transformation of the independent variables and the perturbation together with the energy method introduced by Liu-Yang-Yu [24] .
For later use, we now briefly introduce the micro-macro decomposition around the local Maxwellian defined by the solution to the Boltzmann equation, cf. [24] . For a solution f (x, t, ξ) of the Boltzmann equation (1.1), we decompose it into
where the local Maxwellian M(x, t, ξ) = M [ρ,u,θ] (ξ) represents the macroscopic (fluid) component of the solution, which is naturally defined by the five conserved quantities, i.e., the mass density ρ(x, t), the momentum ρu(x, t), and the total energy ρ(E + 1 2
And G(x, t, ξ) being the difference between the solution and the above local Maxwellian represents the microscopic (non-fluid) component. For convenience, we denote the inner product of h and g in L 2 ξ (R 3 ) with respect to a given MaxwellianM by:
IfM is the local Maxwellian M defined in (1.4), with respect to the corresponding inner product, the macroscopic space is spanned by the following five pairwise orthogonal base
In the following, ifM is the local Maxwellian M, we just use the simplified notation ·, · to denote the inner product ·, · M . We can now define the macroscopic projection P 0 and microscopic projection P 1 as follows
h, χ j χ j ,
The projections P 0 and P 1 are orthogonal and satisfy
We remark that a function h(ξ) is called microscopic or non-fluid if
where ϕ i (ξ) is the collision invariants. Under the above micro-macro decomposition, the solution f (x, t, ξ) of the Boltzmann equation (1.1) satisfies
and the Boltzmann equation (1.1) becomes
If we multiply the equation (1.6) by the collision invariants ϕ i (ξ)(i = 0, 1, 2, 3, 4) and integrate the resulting equations with respect to ξ over R 3 , then we can get the following fluid-type system for the fluid components:
(1.7)
Note that the above fluid-type system is not closed and we need one more equation for the non-fluid component G which can be obtained by applying the projection operator P 1 to the equation (1.6):
Here L M is the linearized collision operator of Q(f, f ) with respect to the local Maxwellian M:
And the null space N of L M is spanned by the macroscopic variables:
Furthermore, there exists a positive constant σ 0 (ρ, u, θ) > 0 such that for any function
where ν(|ξ|) is the collision frequency. For the hard sphere and the hard potential with angular cut-off, the collision frequency ν(|ξ|) has the following property
for some positive constants ν 0 , c and 0
, and its inverse L −1 M exists and is a bounded operator in L 2 (R 3 ). It follows from (1.8) that
Plugging the equation (1.9) into (1.7) gives 11) where the viscosity coefficient µ(θ) > 0 and the heat conductivity coefficient λ(θ) > 0 are smooth functions of the temperature θ, and we normalize the gas constant R to be 2 3 so that E = θ and p = 2 3 ρθ. The explicit formula of µ(θ) and λ(θ) can be found for example in [36] , we omit it here for brevity.
Since the problem considered in this paper is one dimensional in the space variable x ∈ R, in the macroscopic level, it is more convenient to rewrite the equation (1.1) and the system (1.2) in the Lagrangian coordinates as in the study of conservation laws. That is, set the coordinate transformation:
We will still denote the Lagrangian coordinates by (x, t) for simplicity of notation. Then (1.1) and (1.2) in the Lagrangian coordinates become, respectively, 12) and
(1.13)
Also, (1.7)-(1.11) take the form
(1.14)
with
(1.18)
In the following sections, we will apply some scaling and energy method to these equations.
Main result
We will state the main result in this section. For this, we firstly recall the construction of the contact wave (v,ū,θ)(x, t) for the Boltzmann equation in [18] . Consider the Euler system (1.13) with a Riemann initial data
where v ± , θ ± are positive constant. It is well-known (cf. [30] ) that the Riemann problem (1.13), (2.1) admits a contact discontinuity solution
provided that
Motivated by (2.2) and (2.3), we expect that for the contact wave (v,ū,θ)(x, t),
Then the leading order of the energy equation (1.18) 4 is , we obtain the following nonlinear diffusion equation
From [2] , [9] , we know that the nonlinear diffusion equation (2.5) admits a unique self-
with the following boundary conditionŝ
with some positive constant c depending only on θ ± . Now the contact wave (v,ū,θ)(x, t) can be defined bȳ
Note that (v,ū,θ)(x, t) satisfies the following system
where
with some positive constant c > 0 depending only on θ ± . From (2.6), we have
Therefore,
(2.12)
We are now ready to state the main result as follows. 
13)
with some positive constantsC i (i = 1, 2, 3) independent of ε. Consequently, we have
where the norm
Remark. Theorem 2.1 shows that, away from the contact discontinuity located at x = 0, for any Knudsen number ε, there exists a unique global solution f ε (x, t, ξ) of the Boltzmann equation (1.1) which tends to M [V ,Ū,Θ] (x, t, ξ) as two global Maxwellians with a jump at x = 0 when ε → 0. Moreover, a uniform convergence rate ε
Reformulated system
In this section, we will reformulate the system and introduce a scaling for the independent variable and the perturbation. Firstly, we define the scaled independent variables
Correspondingly, set the scaled perturbation as
We remark that the above scaling transformation plays an important role in the following proof.
Under this scaling, the hydrodynamic limit problem is now transferred into a scaled time-asymptotic stability of the viscous contact wave to the Boltzmann equation. In fact, this scaling is suitable for the contact wave because of its parabolic structure. Notice that the hydrodynamic limit proved by this method is globally in time unlike the case with shock profile proved in [35] which is locally in time. However, we do not know whether there exists some appropriate scaling for the shock profile so that this method can be applied.
With the above scaling, the proof of Theorem 2.1 will be given by energy method as [18] for the scaled perturbation (φ, ψ, ζ)(y, τ ) andḠ(y, τ, ξ).
From the construction of the contact wave (v,ū,θ), the relation between the viscous contact wave (v,ū,θ) to the Boltzmann equation and the inviscid contact discontinuity (V ,Ū ,Θ) is given by (2.12). Thus, in order to prove Theorem 2.1, it is sufficient to consider the convergence of the solution f (y, τ, ξ) of the Boltzmann equation to the Maxwellian M [v,ū,θ] (y, τ, ξ) defined by the contact wave (v,ū,θ) as the Knudsen number ε tends to zero.
For this, as in [18] , we introduce the following anti-derivative of the perturbation:
Obviously,
From (1.18) and (2.8), we have the following system for (Φ, Ψ,W )
where the error terms R i (i = 1, 2) are given in (2.9) and (2.10). Introduce a new variable
It follows that
By using the new variable W and linearizing the system (3.4), we have
and
We now derive the equation for the scaled non-fluid componentḠ(y, τ, ξ). From (1.15), we haveḠ
Thus, we obtainḠ
ThenḠ 1 (y, τ, ξ) satisfies
Notice that in (3.14) and (3.15),Ḡ 0 is substracted fromḠ because θ y 2 ∼ (1 + ε
is not integrable with respect to τ . Finally, from (1.12) and the scaling (3.1), we have
In the following, we will derive the energy estimate on the scaled Boltzmann equation (3.16) . Indeed, to prove Theorem 2.1, it is sufficient to prove the following theorem. 17) and the Knudsen number ε satisfies ε ≤ ε 1 , then the problem (3.16) admits a unique global solution f ε (y, τ, ξ) satisfying
Here E 6 (τ ) will be defined in (5.1) satisfying
From now on, ∂ α , ∂ α ′ denote the derivatives with respect to y or τ , and
for simplicity of notations.
Remark: In particular, if we choose the initial value of the Boltzmann equation (3.16) as
In fact, the initial data f (y, 0, ξ) can be chosen such that the initial perturbation E 6 (τ )| τ =0 is suitably small and of order O(1) with respect to ε. This is the reason why we use the scaled variables y, τ in (3.1), otherwise, the initial perturbation E 6 (τ )| τ =0 is not uniform with respect to ε.
A priori estimate
We will focus on the reformulated system (3.7) and (3.15). Since the local existence of the solution to (3.7) and (3.15) is now standard, cf. [31] or [36] , to prove the global existence, we only need to close the following a priori estimate by the continuity argument
where γ is a small positive constant depending on the initial data and the strength of the contact wave, and M * is a global Maxwellian chosen later. We now briefly explain the a priori assumption (Φ, Ψ, W ) 2 L ∞ ≤ γ 2 in (4.1). Roughly speaking, based on the observation in [18] 
2 is needed to compensate this growth. This yields a uniform boundedness of (Φ, Ψ, W ) L ∞ , which is essential to close the a priori estimate.
Note that the a priori assumption (4.1) also gives
and for |α ′ | = 1,
(4.4) From (1.14) and (2.8), we have
Hence, we have
In addition, (4.1) also implies that
(4.10)
Thus, for |α| = 2, we have
Finally, from the fact that f = M + ε 1 2Ḡ , we can obtain for |α| = 2,
(4.12)
Before proving the a priori estimate (4.1), we list some basic lemmas based on the celebrated H-theorem for later use. The first lemma is from [13] .
Lemma 4.1. There exists a positive constant C such that
whereM can be any Maxwellian so that the above integrals are well defined.
Based on Lemma 4.1, the following three lemmas are proved in [25] . The proofs are straightforward by using Cauchy inequality. Lemma 4.2. If θ/2 < θ * < θ, then there exist two positive constants σ = σ(v, u, θ; v * , u * , θ * ) and
Lemma 4.3. Under the assumptions in Lemma 4.2, we have for each
Lemma 4.4. Under the conditions in Lemma 4.2, for any positive constants k and λ, it holds that
where the constant C k,λ depends on k and λ.
Lower order estimate
Now we will derive the lower order estimates of (Φ, Ψ, W 
13) where
From now on, (· · ·) y denotes the term in the conservative form so that it vanishes after integration with respect to y over R. Let
We estimate the right hand side of (4.13) term by term as follows. Firstly,
where β is a small positive constant to be chosen later. Now we estimate vQ 1 Ψ 1 dy by
Note that
19)
20)
and 
(4.24)
For the integral T 1 1 , we have
Then we have
(4.27) The Hölder inequality and Lemma 4.3 yield
Moreover, from Lemmas 4.1-4.3, we have
Combining (4.27)-(4.29) gives
On the other hand, by (3.13), we have
which, together with (4.30), imply
The estimation on T i 1 , i = 2, 4 is relatively easy by using the Cauchy inequality and Lemmas 4.1-4.3. In fact, direct computation gives
On the other hand,
(4.34)
The estimation on T . Firstly, notice that
Then, it follows from (3.46), (3.55) and Lemmas 3.1-3.4 that 
(4.37)
The estimates on the other terms of N 1 dy are similar and we omit the details for brevity. Therefore, collecting the above inequalities gives
38) where we have used the smallness of δ, β and γ. HereÂ(ξ, Φ, Ψ, W ) is a linear function of (Φ, Ψ, W ) which is a polynomial of ξ.
Note that the dissipation term K 1 does not contain the term ε 1 2 Φ y 2 . To complete the lower order inequality, we have to estimate Φ y . From (3.8) 2 , we have
where we have used
. Integrating (4.40) with respect to y gives
By (3.8) and the Cauchy inequality, one has
(4.42) On the other hand, Lemmas 4.1-4.3 imply
(4.43)
Thus combining (4.42)-(4.43) yields
(4.44)
The microscopic componentḠ 1 can be estimated through the equation (3.15) . Multiplying (3.15) byḠ
Integrating (4.45) with respect to ξ and y and using the Cauchy inequality and Lemma 4.1-4.4 yield that
On the other hand, from the fluid-type system (3.7), we can get an estimate for ε
2 as follows.
(4.47)
We can now complete the lower order estimate. SinceÂ(ξ, Φ, Ψ, W ) is a linear function of the vector (Φ, Ψ, W ) which is a polynomial of ξ, we get
We choose large constantsC 1 > 1,C 2 > 1,C 3 > 1 and small constant β such that
(4.49)
Hence, multiplying (4.38) byC 1 , (4.44) byC 2 , (4.46) byC 3 , (4.47) by C 1 (δ + γ)C 1 and adding all these inequalities imply
Higher order estimate
In this subsection, we shall estimate the derivatives of (Φ, Ψ, W ). Applying ∂ y to the system (3.4) gives
Multiplying (4.52) 2 by ψ 1 , (4.52) 3 by ψ i (i = 2, 3) respectively and adding them together yield
It is easy to check thatΦ(1) =Φ ′ (1) =Ψ(1) =Ψ ′ (1) = 0 andΦ(s) is strictly convex around s = 1. Substituting (4.55) into (4.54) yields
(4.58) Substituting (4.57) and (4.58) into (4.56) gives
59) where
Integrating (4.59) with respect to y yields
Here, we only consider the term − ψ 1 ξ 2 1Θ 1y dξdy because other terms in N 2 dy can be estimated similarly. By (4.43), one has
Combining (4.62)) and (4.63) yields 
by using the equation of conservation of the mass (4.52) 1 . Since
Integrating (4.66) with respect to y and using the Cauchy inequality yield
(4.67) Here we have used adding them together, after integrating with respect to y, we have
Choose large constantsC 4 ,C 5 > 1 such that To close the a priori estimate, we also need to estimate the derivatives on the non-fluid componentḠ, i.e., ∂ αḠ , (|α| = 1, 2). Applying ∂ y on (3.15), we havē which gives (3.18) . And this completes the proof of Theorem 3.1.
